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In this work we revisit the construction of theories for a massive vector ﬁeld with derivative self-
interactions such that only the 3 desired polarizations corresponding to a Proca ﬁeld propagate. We 
start from the decoupling limit by constructing healthy interactions containing second derivatives of the 
Stueckelberg ﬁeld with itself and also with the transverse modes. The resulting interactions can then be 
straightforwardly generalized beyond the decoupling limit. We then proceed to a systematic construction 
of the interactions by using the Levi–Civita tensors. Both approaches lead to a ﬁnite family of allowed 
derivative self-interactions for the Proca ﬁeld. This construction allows us to show that some higher 
order terms recently introduced as new interactions trivialize in 4 dimensions by virtue of the Cayley–
Hamilton theorem. Moreover, we discuss how the resulting derivative interactions can be written in a 
compact determinantal form, which can also be regarded as a generalization of the Born-Infeld lagrangian 
for electromagnetism. Finally, we generalize our results for a curved background and give the necessary 
non-minimal couplings guaranteeing that no additional polarizations propagate even in the presence of 
gravity.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
The discovery of the cosmic acceleration of the universe trig-
gered a plethora of attempts to unveil the physical mechanism 
behind it. The simplest explanation comes about in the form of a 
cosmological constant, but its required small value, although not 
inconsistent, seriously challenges our theoretical understanding. 
A natural approach to these somewhat related problems, namely 
the cosmological constant and the cosmic acceleration, is resorting 
to infrared (IR) modiﬁcations of gravity. Since a gravitational the-
ory based on a massless spin 2 particle needs to coincide with 
General Relativity (GR) at low energies, modiﬁcations of gravity 
on large distances inevitably lead to the introduction of additional 
degrees of freedom (dof). In numerous cases, IR modiﬁcations of 
gravity eventually boil down to one additional scalar mode. In the 
simplest scenarios, it corresponds to a canonical scalar ﬁeld with 
a given potential and some couplings to matter. However, in more 
interesting frameworks, like e.g. the DGP model [1], the additional 
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SCOAP3.scalar ﬁeld gives rise to a novel class of theories characterized by 
the presence of second order derivative interactions of the scalar 
ﬁeld, while the ﬁeld equations remain of second order, avoiding 
that way the rise of Ostrogradski instabilities. The properties of 
this scalar ﬁeld were then generalized in [2] resulting in the class 
of Galileon theories. These theories are remarkable on their own 
right because of a number of features, namely: their ﬁeld equa-
tions are explicitly second order even though second derivatives 
of the ﬁelds appear in the action, there is only a ﬁnite number of 
them and are invariant (up to a total derivative) under a constant 
shift of the ﬁeld and its gradient, with important consequences for 
their naturalness under quantum corrections [3]. Interestingly, they 
have been shown to arise in a natural manner in IR modiﬁcations 
of gravity and played an important role in the construction of a 
consistent theory of massive gravity [4,5]. Moreover, although they 
modify gravity on large scales, there is a higher scale where new 
effects come in which is known as Vainshtein radius [6]. This is 
in fact a crucial property for the viability of these theories since 
the scalar ﬁeld is screened below this scale.1 The generalization of 
1 It is worth mentioning that for certain sub-classes of theories, the existence of a 
Vainshtein screening is not suﬃcient to avoid conﬂict with local gravity tests [7,8]. under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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of Horndeski actions as the most general actions for a scalar-tensor 
theory with second order equations of motion [9]. There exists also 
an interesting link between massive gravity and these interactions 
[10]. The Horndeski interactions are however not the most general 
theories propagating the 2 dof’s of the graviton plus 1 additional 
dof in a scalar-tensor theory [11].
The construction of Galileon and/or Horndeski actions roots in 
the same structure found in the Lovelock invariants built by using 
the symmetry properties of the Levi–Civita tensor and the Bianchi 
identities. This is actually the reason why the Galileons are typi-
cally found in modiﬁcations of gravity in higher dimensional se-
tups including Gauss–Bonnet or higher order Lovelock terms [12]. 
This line of reasoning was used in [13] to build Galileon-like la-
grangians for arbitrary p-forms. There it was argued that Galilean 
interactions are not possible for massless spin 1 ﬁelds in 4 dimen-
sions. A more exhaustive classiﬁcation of Galilean interactions for 
arbitrary p-forms and in arbitrary dimension has been recently 
performed in [14], where it was conﬁrmed the non-existence of 
massless vector Galileons in 4 dimensions. This no-go theorem 
does not extend however to the case of massive spin 1 ﬁelds 
where it is possible to build non-gauge invariant derivative self-
interactions of the vector ﬁeld while keeping the desired 3 prop-
agating degrees of freedom. The key property of these theories is 
that the Stueckelberg ﬁeld has the class of Galileon/Horndeski in-
teractions so it only propagates one dof. Interestingly, this type 
of vector-tensor theories also arise naturally in some modiﬁca-
tions of gravity with Gauss–Bonnet terms in Weyl geometries [15,
16]. A classiﬁcation of derivative vector self-interactions keeping 
3 propagating degrees of freedom was carried out in [17]. A sub-
class of these with a coupling of the vector ﬁeld to the Einstein 
tensor had been considered in [18] as a potential mechanism to 
generate cosmic magnetic ﬁelds. The case where the longitudinal 
model has Galilean self-interactions was considered in [19] and its 
covariantised version in [17,19,20]. Recently, it has been claimed 
in [21] that new derivative self-interactions different from those 
already found in literature exist and opened the possibility for an 
inﬁnite series of such terms. This would mean that the massive 
vector ﬁeld case is crucially different from its scalar counterpart 
where Galilean (or, more generally, Horndeski) terms form a ﬁnite 
set of lagrangians. In this note, we revisit this result and argue that 
the vector ﬁeld case does resemble the scalar case and a ﬁnite se-
ries of terms (in a sense that will be made more explicit below) 
are allowed.
The paper is organized as follows. In the next section we start 
from the decoupling limit and construct general interactions for 
the Stueckelberg ﬁeld containing up to its second derivatives. From 
this we will then construct theories beyond the decoupling limit. 
In Section 3 we will proceed to a systematic construction of the 
interactions for the massive vector ﬁeld directly in the unitary 
gauge by making use of the Levi–Civita tensor. Along with this 
construction we will show that the higher order derivative self-
interactions introduced in [21] vanish in 4 dimensions due to a 
non-trivial cancellation provided by the Cayley–Hamilton theorem. 
We will then show how the interactions can be nicely rewritten in 
a determinantal form, which allows to interpret the derivative self-
interactions as a generalization of Born-Infeld electromagnetism. 
Finally, we consider the case of a curved spacetime and give the 
counter-terms that are needed to avoid additional propagating po-
larizations when gravity is turned on.
2. Decoupling limit of generalized Proca
Historically, the decoupling limit has proven to be advantageous 
in order to construct healthy theories. Its power lies in its ability to isolate a given degree of freedom and capture its relevant interac-
tions. For instance, in the case of interacting gauge ﬁelds, this limit 
allows to decouple the longitudinal modes together with their self-
interactions and study the processes in which they are involved 
without caring about the remaining transverse modes. The very 
same idea helped with the construction of a non-linear covariant 
theory of massive gravity without introducing the Boulware-Deser 
ghost [22]. In a bottom-up approach, the decoupling limit allowed 
to isolate the problematic interactions of the helicity-0 mode of 
the graviton and construct them in a healthy way [4]. Once the 
decoupling limit was under control, it was possible to extend it to 
a fully non-linear theory. In this section we shall follow an analo-
gous course of action for the case of a Proca ﬁeld with derivative 
self-interactions.
Similarly to the massive gravity case, the non-gauge invariant 
derivative self-interactions of the vector ﬁeld might introduce an 
additional ghostly degree of freedom. In order to be more pre-
cise, let us resort to the Stueckelberg trick in order to restore 
the explicitly broken gauge invariance of a Proca ﬁeld with mass 
M2 so that we replace Aμ → Aμ + ∂μπ/M with π the Stueck-
elberg ﬁeld, which will play the role of the longitudinal mode of 
the massive vector ﬁeld. If we (carefully) take the limit when the 
mass goes to zero we can completely decouple π and study that 
sector separately. In the simplest case of a purely massive vec-
tor ﬁeld with U (1) couplings to matter, this limit simply leads to 
usual electromagnetism with the longitudinal mode being a com-
pletely decoupled free massless scalar ﬁeld. Things are different 
when considering more general potentials or non-abelian gauge 
ﬁelds, which lead to non-linear sigma models.
It is the Stueckelberg ﬁeld which we need to keep under con-
trol and make sure that it only propagates the one dof associated 
to the longitudinal polarization. Since this ﬁeld does not contribute 
to the gauge invariant ﬁeld strength tensor Fμν = ∂μAν − ∂ν Aμ , 
terms built out of Fμν will not introduce the undesired mode. 
Similarly, since purely potential terms of the form V (A2) will only 
introduce ﬁrst derivatives of the Stueckelberg, they will not add a 
fourth polarization either. However, when considering non-gauge 
invariant derivative terms like (∂μAμ)2, the Stueckelberg ﬁeld will 
generally acquire higher order derivatives and, thus, an additional 
mode suffering from the Ostrogradski instability will be present. 
This pathology can however be bypassed by properly constructing 
such terms. To that end, we will require the following conditions:
• The pure Stueckelberg ﬁeld sector belongs to the Galileon/Horn-
deski class of lagrangians. Due to the origin of π , only the 
subclass with shift symmetry can be present.
• The couplings of second derivatives of π to the transverse 
modes must also lead to second order ﬁeld equations.
The ﬁrst condition will be relevant for the leading order in the 
decoupling limit with interactions purely constructed out of the 
Stueckelberg ﬁeld. The second condition will be important for the 
terms with non-trivial couplings between the transverse modes 
and the Stueckelberg ﬁeld. More explicitly, we will consider la-
grangians depending on the vector ﬁeld Aμ and its ﬁrst deriva-
tives ∂μAν . Since we want to explicitly separate the derivative 
interactions with non-trivial contributions for π , we will express 
the lagrangian as L = L(Aμ, Fμν, Sμν) with Sμν = ∂μAν + ∂ν Aμ . 
Moreover, we will introduce a given scaling for each object so that 
the corrections with respect to the pure Proca action admit an ex-
pansion of the form
L∼
∑
cm,n,p
(
A
M
)m( F
2F
)n(
S
2S
)p
, (1)m,n,p
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scales suppressing the dependence on each object. In the decou-
pling limit where the mass M2 is appropriately sent to zero the 
vector ﬁeld will be dominated by its longitudinal polarization or, 
in other words, Aμ essentially becomes ∂μπ/M . This further im-
plies that Sμν will become ∂μ∂νπ/M in that limit. Finally, since 
Fμν is gauge invariant, the Stueckelberg ﬁeld will not contribute 
to it. Thus, in this limit, the lagrangian will take the schematic 
form
Ldec ∼
∑
m,n,p
cm,n,p
(
∂π
MM
)m( F
2F
)n(
∂∂π
M2S
)p
. (2)
Now we can focus at each order in the second derivatives of π in 
order to build the healthy interactions that will prevent the prop-
agation of an additional mode for the Stueckelberg ﬁeld. Moreover, 
at each order the required properties and tensor structure will al-
low us to perform the resummations in m and n. By looking at 
the structure in 2 we realize that the problem reduces to ﬁnd-
ing healthy second derivative interactions for π with itself and 
with a gauge ﬁeld. The self-interactions have already been exten-
sively analysed in the literature and are given by the well-known 
Galileon/Horndeski types of terms. The couplings to gauge ﬁelds 
is more delicate, but they have also been considered in the litera-
ture2 (see e.g. [17,24]). We shall now proceed to the construction 
of the interactions order by order in the second derivatives of π . 
Let us start by the lowest order with p = 1, i.e., linear in ∂∂π . At 
leading order the healthy interactions are given by
L∼
(
c2,0,1(∂π)
2ημν + c0,2,1 F˜μα F˜ να
) ∂μ∂νπ
M2S
, (3)
where F˜μν ≡ 12μναβ Fαβ is the dual of the strength tensor. The 
ﬁrst term is just the usual cubic Galileon while the second term 
arises as the generalization of Galileon interactions for mixed 0-
and 1-forms. Notice that a possible term proportional to ∂μπ∂νπ
is equivalent to the cubic Galileon via integration by parts. Now 
we can straightforwardly proceed to a partial resummation in m
and n. The ﬁnal term will take the form Mμν∂μ∂νπ where Mμν
is some symmetric rank-2 tensor built out of the metric ημν , ∂μπ
and Fμν . In general, this type of terms in the action guarantees 
the absence of higher than second time derivatives ﬁeld equations 
if M00 does not contain time derivatives others than π˙ . This is 
precisely what occurs in (3) since F˜ 0α F˜ 0α ∝ B2, with B the mag-
netic part of Fμν . Since the magnetic part is purely potential (it 
does not contain time derivatives of A), the structure in (3) guar-
antees no higher than second derivative ﬁeld equations. It turns 
out that this is the only coupling of this form that satisﬁes this 
requirement. Thus, we can resum by simply promoting the coef-
ﬁcients cm,n,1 into arbitrary functions of X ≡ ∂μπ∂μπ . Moreover, 
the metric tensor can also be promoted into a disformal metric of 
the form ημν + g(x)∂μπ∂νπ without spoiling the healthy proper-
ties of the decoupling limit. Thus, we end up with
L∼
[
c1(X)η
μν + g1(X)∂μπ∂νπ
+ c2(X)
(
ηαβ + g2(X)∂απ∂βπ
)
F˜μα F˜
ν
β
]∂μ∂νπ
M2S
. (4)
Notice that the second order nature of the ﬁeld equations for the 
transverse modes is guaranteed by the Bianchi identities making 
F˜αβ divergence-free. Also, as commented above, the second term 
2 A related topic is the case when Galileon ﬁelds have some gauge symmetry, in 
which case consistent couplings between the Galileon ﬁelds and gauge ﬁelds also 
arise [23].in the ﬁrst line is equivalent to the ﬁrst term up to integration 
by parts. However, when going beyond the decoupling limit, this 
term will result in non-trivial interactions for the vector ﬁeld, so it 
is convenient to keep it explicitly.
Now let us turn to the terms quadratic in ∂∂π corresponding 
to p = 2. In this case, the possible interactions are
L∼ c2,0,2(∂π)2 (π)2 − (∂μ∂νπ)2
M24S
+ c0,2,2 F˜μν F˜αβ ∂μ∂απ∂ν∂βπ
M24S
, (5)
where again we recognize the typical quartic Galileon interactions 
in the ﬁrst line, while in the second line we have the mixing with 
the gauge ﬁeld. Again, we can check that second time derivatives 
of π only couple to the magnetic part of the gauge ﬁeld, and this 
allows to avoid higher order equations of motion for π . On the 
other hand, since F˜μν is divergence-free, the gauge ﬁeld equations 
will also remain of second order. Analogously to the previous case, 
the tensorial structure that we have in (5) will persist in a partial 
resummation on m and n so we can promote the coeﬃcients to ar-
bitrary functions of X , along with the aforementioned disformally 
transformed metric.
The next order corresponds to p = 3 and the lagrangian re-
duces to the quintic Galileon interaction for π . At this order it 
is not possible to construct healthy mixed interactions with the 
gauge ﬁeld and the same applies for higher p > 3 orders. Thus, 
from that order on no new interactions are possible (notice that 
the Galileon terms also stop at this order) and the series stops at 
p = 3.3 From the resulting lagrangians in the decoupling limit it is 
now straightforward to construct the full theory by simply replac-
ing ∂μπ → Aμ and ∂μ∂νπ → Sμν .
After arguing how to generate the lagrangians for the general-
ized Proca theories from the decoupling limit we will now turn to 
the general case and proceed to the construction of the different 
terms in a systematic way directly beyond the decoupling limit.
3. Systematic construction
In this Section we will resort to the useful antisymmetric prop-
erties of the Levi–Civita tensor in order to build the derivative 
self-interactions for the generalized Proca action. This will allow 
us to recover the interactions obtained in the previous section di-
rectly for the full action without resorting to the decoupling limit. 
As we argued above within the decoupling limit, we expect the 
derivative self-interactions to form a ﬁnite series and the construc-
tion of this section will also point towards the same conclusion. As 
in the previous Section, we shall proceed order by order, in deriva-
tives of Aμ this time. Starting with the interactions linear in ∂ A
we can have
L3 = − f3(A
2)
6
μνρσ ανρσ ∂μAα =
f3
2
[S] , (7)
where [· · · ] stands for the trace (with respect to the Minkowski 
metric) of the matrix. This term leads to a cubic Galileon inter-
action for the longitudinal polarization in the decoupling limit. At 
this stage there is only one way of contracting the indices with the 
3 Let us mention that this is true in 4 dimensions, but other interactions are pos-
sible in higher dimensions d > 4. Besides the usual Galileon interactions, the mixing 
with the gauge ﬁeld can be generalized to
F˜μ1 ···μn F˜ ν1 ···νn ∂μ1∂ν1π · · · ∂μi ∂νiπημi+1νi+1 · · ·ημnνn (6)
with n = d − 2.
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actly to the same interaction (∂ · A). However, for the sake of gen-
erality, we should emphasize that the hidden metrics in (7) used 
to contract the indices of the Levi–Civita tensors among themselves 
can always be replaced by a disformally transformed metric anal-
ogously to the case discussed for the decoupling limit, i.e., we can 
always replace ημν → ημν + g(A2)AμAν . This will equivalently 
generate for instance interactions of the form f3AμAν(∂μAν) at 
this order. This interaction is set on equal footing as the previ-
ous one and, in fact, it is equivalent to it since f3AμAν∂μAν =
1
2 f3∂μA
2Aμ = ∂μF3Aμ with F ′3 = f3.
As next we shall consider terms quadratic in derivatives of the 
vector ﬁeld, i.e., containing (∂ A)2. For these terms we can build 
two different ways of contracting the Levi–Civita indices, namely
L4 = − f4(A
2)
2
μνρσ 
αβ
ρσ (∂μAα∂ν Aβ + c2∂μAν∂α Aβ)
= f4
4
(
[S]2 − [S2] + (1+ 2c2)[F 2]
)
. (8)
The term proportional to c2 just renormalizes the standard kinetic 
term as it corresponds to c2 F 2μν and hence does not contain the 
dependence on the longitudinal mode. Of course we could have 
chosen yet another function in front of the c2 term instead of f4
but we are discarding this contribution anyway since we will in-
clude a kinetic term for the vector ﬁeld separately. Note again, that 
if we had contracted the indices of the Levi–Civita tensors with 
the vector ﬁeld Aμ instead of the metric, we would have gener-
ated terms of the form f4AμAν(∂ν Aμ(∂ · A) − ∂ν Aρ∂ρ Aμ), which 
are again at the same footing as the L4 interaction we constructed 
above. The quintic interactions can be constructed in a similar way. 
There will be again two different ways of contracting the indices
L5 = − f5(A2)μνρσ αβδσ ∂μAα∂ν Aβ∂ρ Aδ
− d2 f5(A2)μνρσ αβδσ ∂μAν∂ρ Aα∂β Aδ
= f5
8
(
[S]3 − 3[S][S2] + 2[S3]
− 2(3+ 2d2) F˜μα F˜ να Sμν
)
. (9)
Again, we could have chosen a different function in front of the 
d2 term instead of f5 but we have chosen it to be the same for 
now just for compactness of the expression. If we had imposed 
the condition that the scalar part of the vector ﬁeld should only 
have terms that do not correspond to any trivial total derivative 
interactions, then the series would stop here [17]. In fact if we 
relax this condition, we can construct yet another order of interac-
tions. These sixth order interactions have also two different ways 
of contracting the indices4
L6 = − f6(A2)μνρσ αβδκ∂μAα∂ν Aβ∂ρ Aδ∂σ Aκ
− e2 f6(A2)μνρσ αβδκ∂μAν∂α Aβ∂ρ Aδ∂σ Aκ
= f6
16
(
(3+ 2e2)([F 2]2 − 2[F 4])
− 4(3+ e2) F˜μν F˜αβ Sμα Sνβ + [S]4
− 6[S]2[S2] + 3[S2]2 + 8[S][S3] − 6[S4]
)
(10)
4 The terms purely depending on S are just a total derivative and do not con-
tribute to the equation of motion. This is consistent with the fact that the scalar 
Galileons at that order have purely total derivative interactions and the series of 
the scalar Galileons hence stops at L5.The terms purely depending on F will not contribute to the longi-
tudinal mode and we will group them into L2. Note that we have 
not included the contraction μνρσ αβδκ∂μAν∂α Aβ∂ρ Aσ ∂δ Aκ ei-
ther, since this will also give purely gauge invariant quantities. The 
sixth order interactions are in agreement with [21], just written in 
a slightly different way. The total Lagrangian for the vector ﬁeld is
Lgen. Proca = −1
4
F 2μν +
5∑
n=2
αnLn , (11)
where the self-interactions of the vector ﬁeld are
L2 = f2(Aμ, Fμν, F˜μν)
L3 = f3(A2) ∂ · A
L4 = f4(A2)
[
(∂ · A)2 − ∂ρ Aσ ∂σ Aρ
]
L5 = f5(A2)
[
(∂ · A)3 − 3(∂ · A)∂ρ Aσ ∂σ Aρ
+2∂ρ Aσ ∂γ Aρ∂σ Aγ
]+ f˜5(A2) F˜αμ F˜ βμ∂α Aβ
L6 = f6(A2) F˜αβ F˜μν∂α Aμ∂β Aν . (12)
Note that the series stops here and there are not any higher order 
terms beyond the sixth order interactions. An interesting question 
is whether one can take functions of these invariants and build 
new terms in the similar spirit as f (R)-theories. Any combinations 
of these invariants however are expected to propagate at least one 
more degree of freedom.
Within the framework of the systematic construction of the 
generalized Proca interactions in terms of the Levi–Civita tensors 
(also supporting our ﬁndings in the decoupling limit), we observe 
that the series stops after the sixth order of interactions. In other 
words, there are no indices left in the two Levi–Civita tensors in 
order to construct a possible L7 term in 4 dimensions. In [21] it 
was argued that the following higher order term at seventh order 
exist
LPerm,17 = (∂ · A)3F 2μν + 6(∂ · A)2∂μAν∂ρ AμFνρ
+ 3(∂ · A)((∂ν Aρ∂ρ Aν)2 − (∂ν Aρ∂ν Aρ)2)
+ 3(∂ · A)∂μAν(F νρ Fρσ Fσ μ − 4∂ν Aρ∂ρ Aσ Fσμ)
+ 4∂μAν(∂μAν∂ρ Aσ ∂γ Aρ∂γ Aσ
− ∂ν Aμ∂ρ Aσ ∂γ Aρ∂σ Aγ )
+ 2∂μAν∂μAν∂ρ Aσ ∂γ Aρ F γ σ
− 6∂μAν F νρ Fρσ Fσγ F γμ
+ 12∂μAν∂ν Aρ∂ρ Aσ ∂σ Aγ F γ μ , (13)
and similarly
LPerm,27 =
1
4
(∂ · A)((Fμν Fμν)2 − 4∂μAν F νρ Fρσ Fσμ)
+ (Fμν Fμν)∂σ Aρ∂γ Aσ Fργ
+ 2∂μAν F νρ Fρσ Fσγ F γμ . (14)
It was argued that these two seventh order derivative interactions 
give rise to interactions which propagate three degrees of free-
dom and hence extend the vector Galileons beyond the previous 
order. Based on this they conjectured that the vector Galileons 
have inﬁnite series of such interactions. These terms were found 
by imposing the vanishing of the determinant of the Hessian ma-
trix Hμν = ∂2L/∂ A˙μ∂ A˙ν so that it is guaranteed the existence of 
one primary constraint that will remove the undesired polariza-
tion for the vector ﬁeld. In particular, they looked for lagrangians 
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poral component. Solving for this condition the above interactions 
were obtained. However, once those terms are obtained their full 
constraints structure should be carefully checked in order to guar-
antee that the constraint is actually second class. Were it be ﬁrst 
class it would generate a gauge symmetry that would remove an 
additional polarization. Similarly, it could happen that the obtained 
interactions could reduce to total derivatives or even trivialize. We 
have explicitly checked these requirements for the higher order 
terms (13) and (14) that were proposed in [21] and found that 
they correspond to trivial interactions in the sense that they vanish 
exactly. However, the vanishing of these terms is due to non-trivial 
relations. To show it we will take (14) and express everything in 
terms of Fμν and Sμν after which we obtain LPerm,27 = Mμν Sμν
with
M = F 4 − 1
2
[F 2]F 2 + 1
8
(
[F 2]2 − 2[F 4]
)
1 (15)
where we have used matrix notation and 1 stands for the iden-
tity matrix. We can recognize that M vanishes in 4 dimensions by 
virtue of the Cayley–Hamilton theorem applied on Fμν and, con-
sequently, the interaction is trivial in 4 dimensions, but it can be 
present in higher dimensions. We have checked this explicitly for 
both (13) and (14) and found that they are healthy interactions in 
5 dimensions, but they trivialize in 4 dimensions. Thus, the sev-
enth order terms only give rise to new interactions in dimensions 
higher than 4. It is worth reminding here that in higher dimen-
sions we expect new interactions very much like in the scalar 
Galileons case (see also footnote 3 for the construction of higher 
order interactions in the vector Galileon case in higher dimen-
sions). Our statement can be easily shown by noticing that the 
interaction LPerm,27 can be written as
LPerm,27 = −
1
2
μνρστ αβδκω∂μAν∂α Aβ∂ρ Aσ ∂δ Aκ∂τ Aω . (16)
Since we need the Levi–Civita symbol with 5 indices, this term 
identically vanishes in 4 dimensions. This is nothing but an alter-
native way of writing the Cayley–Hamilton theorem. In fact, we 
can express the  ’s in terms of metric tensors to re-obtain (15). 
The same applies to LPerm,17 since that term can be expressed as
LPerm,17 = −3LPerm,27 (17)
− 2μνρστ αβδκω∂μAν∂α Aβ∂ρ Aδ∂σ Aκ∂τ Aω .
Again, we need at least 5 dimensions for this term not to vanish. 
For completeness, we can also give here the purely Galileon inter-
action which is only non-trivial in dimensions higher than 4:
LGal7 = μνρστ αβδκω∂μAα∂ν Aβ∂ρ Aδ∂σ Aκ∂τ Aω . (18)
We can mention that, in fact, all the above terms will generate in-
teractions of the form given in (6) for higher dimensions, showing 
that they naturally follow from both our analysis in the decoupling 
limit and our systematic construction.
We shall end this Section by noticing that the structure of the 
interactions based on the antisymmetry of the Levi–Civita tensor 
allows a nice determinantal formulation of the generalized Proca 
interactions. The existence of such a formulation is not surprising 
and it is in the same spirit as the interactions in massive grav-
ity and scalar Galileon interactions, which can also be compactly 
written in terms of a determinantal interaction. In our case, the 
generating determinant can be expressed as
f (A2)det(δμν + Cμν) (19)
with the fundamental matrixCμν = aFμν + bSμν + cAμAν (20)
with a, b and c some parameters of dimension −2. We have also 
included the arbitrary function f (A2) for completeness. Notice that 
this is the more general matrix that can be built with the vector 
ﬁeld and up to its ﬁrst derivatives at the lowest order. Moreover, 
we can easily make contact with the decoupling limit by assuming 
that the constants a, b and c scale as −2F , 
−2
S and 
−2
M respec-
tively. A special case is the one with a = −b and c = 0, since in 
that case the determinant reduces to det(δμν + 2b∂ν Aμ), which 
can be identiﬁed with the Jacobian of a coordinate transformation 
xμ → xμ +2bAμ . If we take f (A2) = A2, this is precisely what one 
obtains from the pure Proca mass term after applying a general-
ized Galileon transformation [25].
From the above determinant, the derivative self-interactions for 
the vector ﬁeld can be easily implemented via the relation
det(δμν + Cμν) =
4∑
n=0
en(Cμν) (21)
with en the elementary symmetric polynomials of the fundamental 
matrix Cμν whose expressions are given below. The zeroth or-
der symmetric elementary polynomial is trivial e0 = 1 whereas the 
ﬁrst order yields simply
e1 = −1
6
μναβ
ρναβCμρ = [C] = b[S] + cA2 . (22)
The ﬁrst term is nothing else but L3 and the second term just 
a potential interaction as a part of L2. The ﬁrst interesting vec-
tor Galileon interaction is encoded in the second order symmetric 
elementary polynomial
e2 = −1
4
μναβ
ρσαβCμρCνσ = 1
2
(
[C]2 − [C2]
)
= 1
2
(
a2[F 2] + b2([S]2 − [S2])
+ 2bc(A2ημν − AμAν)Sμν
)
. (23)
The terms of the ﬁrst line of this equation correspond to the vec-
tor interactions that we constructed explicitly in L4 and the ﬁrst 
two terms in the second line are simply of the type L3 when we 
contracted the indices of the Levi–Civita tensors with the vector 
ﬁelds instead of the metrics. Similarly, we can construct the cubic 
symmetric elementary polynomial
e3 = −1
6
μναβ
ρσδβCμρCνσ Cαδ
= a
2c
2
Fα
μFβμ(A
2ηαβ − 2Aα Aβ)
+ 1
2
a2b([F 2][S] − 2Fαβ FαμSβμ)
+ 1
2
cb2Sα
μSβμ(2A
α Aβ − A2ηαβ)
+ 1
2
cb2[S]Sαβ(A2ηαβ − 2Aα Aβ)
+ b
3
6
([S]3 − 3[S][S2] + 2[S3]) , (24)
which yields the expected cubic vector interactions from above. 
In particular, the second line is equivalent to − 12a2bF˜μα F˜ να Sμν . 
It is also interesting to notice that the determinantal form also 
produces the aforementioned couplings through a disformal met-
ric determined by the vector ﬁeld. Last but not least, the quartic 
elementary polynomial
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μναβ
ρσδγ CμρCνσ CαδCβγ (25)
gives the remaining quartic order interactions, which we omit 
here. Note that the series stop at that order since we are in four 
dimensions, hence e5 = 0.
The determinantal formulation of the vector ﬁeld interactions 
also allows to establish an interesting relation with the Born-Infeld 
action for electromagnetism [26]. In the original Born-Infeld the-
ory, the Maxwell lagrangian is replaced by 
√
−det(ημν + λ−2Fμν)
with λ some scale. We now notice that our determinant (19) can 
be alternatively written as5
det(δμν + Cμν) =
√
det(δμν +Dμν) (26)
with Dμν = 2Cμν + CμαCαν . It is in this sense that our interac-
tions can be regarded as a generalization of Born-Infeld theories 
to the case of Proca ﬁelds. We should emphasize that the pure 
Born-Infeld lagrangian is very special and we expect many of its 
properties to be lost in our case, but it would nevertheless be in-
teresting to explore the potential relations.
4. Curved spacetimes
In the previous Sections we have explicitly built in a system-
atic way a ﬁnite family of derivative self-interactions for a massive 
vector ﬁeld in ﬂat spacetime. We turn now to the case of curved 
spacetimes and generalize our results in the presence of gravity. 
As usual, we could follow a minimal coupling principle and simply 
replace the partial derivatives in the previous section by covari-
ant derivatives. However, as it is well-known from the case of 
scalar Galileons, we need to be careful and pay attention not to 
add new propagating dof’s when gravity is turned on. The underly-
ing reason is that our derivative self-interactions lead to dangerous 
non-minimal couplings that could excite the temporal polariza-
tion of the vector ﬁeld. Fortunately, it is also known that we can 
add explicit couplings to the curvature serving as counter-terms 
to keep the correct number of propagating modes. In the present 
case we can be guided by the Horndeski interactions, since we 
know that the Stueckelberg ﬁeld sector must belong to said fam-
ily of lagrangians. Since we also have the explicit couplings of 
the Stueckelberg to the transverse modes, we will have additional 
terms. With this reasoning in mind, it is not too diﬃcult to ob-
tain the generalization of the derivative self-interactions (12) to a 
curved spacetime, which can be written as
Lcurvedgen. Proca = −
1
4
√−gF 2μν +
√−g
5∑
n=2
βnLn (27)
where this time the interactions Ln become
L2 = G2(Aμ, Fμν, F˜μν)
L3 = G3(Y )∇μAμ
L4 = G4(Y )R + G4,Y
[
(∇μAμ)2 − ∇ρ Aσ∇σ Aρ
]
L5 = G5(Y )Gμν∇μAν − 1
6
G5,Y
[
(∇ · A)3
+ 2∇ρ Aσ∇γ Aρ∇σ Aγ − 3(∇ · A)∇ρ Aσ∇σ Aρ
]
− G˜5(Y ) F˜αμ F˜ βμ∇α Aβ
5 Here we encounter the usual problems of the square root of a matrix. To have 
it well-deﬁned, we assume that δμν +Dμν is positive deﬁnite.L6 = G6(Y )Lμναβ∇μAν∇α Aβ
+ G6,Y
2
F˜αβ F˜μν∇α Aμ∇β Aν (28)
with ∇ denoting the covariant derivative, Y = − 12 A2 and Lμναβ
the double dual Riemann tensor deﬁned as
Lμναβ = 1
4
μνρσ αβγ δRρσγ δ. (29)
A few comments are in order here. As one can see, the require-
ment of having 3 polarizations for the vector ﬁeld demands the 
presence of non-minimal couplings in L4,5,6. We should however 
stress that the coupling G˜5(Y ) F˜αμ F˜
β
μ∇α Aβ belonging to L5 does 
not require any non-minimal counter-term. The reason is the same 
as for L3, i.e., that the coupling to the connection is linear. In 
fact, both terms could be written together as hμν∇μAν with the 
effective metric hμν ≡ G3gμν − G˜5 F˜μα F˜ να . Finally, it is worth em-
phasizing that in the function G2 we can also include non-minimal 
couplings of the form Gμν AμAν , since it does not contain any dy-
namics for the temporal component of the vector ﬁeld. In fact, 
this term can be rewritten via integration by parts as the usual 
Maxwell term plus a term belonging to L4 with G4 = A2.
In order to make apparent the interactions of the Stueckelberg 
ﬁeld, we will rewrite the above interactions in terms of Fμν and 
Sμν as
L2 = Gˆ2(Y , F , F˜ ) (30)
L3 = 1
2
G3(Y )[S]
L4 = G4(Y )R + G4,Y [S]
2 − [S2]
4
L5 = G5(Y )
2
Gμν Sμν − G5,Y
6
[S]3 − 3[S][S2] + 2[S3]
8
+ G˜5(Y ) F˜μα F˜ να Sμν
L6 = G6(Y )Lμναβ Fμν Fαβ + G6,Y
2
F˜αβ F˜μν SαμSβν
where all the additional terms depending only on Fμν have been 
included in L2. In order to see that these lagrangians do not prop-
agate additional polarizations for the vector ﬁeld is useful to keep 
in mind the relation
2∇[α Sβ]γ = [∇α,∇β ]Aγ + [∇α,∇γ ]Aβ − [∇β,∇γ ]Aα
+ ∇γ Fαβ. (31)
The ﬁrst line will give couplings to the curvature, while the second 
term only affects the propagation of the transverse modes. Thus, 
derivatives of S in the ﬁeld equations can appear as long as they 
do it in the above antisymmetric form.
Now it is clear that we recover the Horndeski terms when we 
replace Sμν → 2∇μ∇νπ . However, we see that additional terms 
survive coupling π to F˜μν . In fact, this coupling induces additional 
non-minimal couplings in L6. It is interesting that the counter-
term in L6 is nicely related to the vector-tensor interaction worked 
out by Horndeski in [27]. This was actually expected since it is 
known that the only non-minimal coupling for a gauge ﬁeld is 
precisely of that form. In fact, Horndeski vector-tensor interac-
tion corresponds to G6,Y = 0. This particular case has already been 
studied [28] and the consequences of having G6,Y 
= 0 would be 
interesting to explore.
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This work was devoted to the detailed study of the general-
ized Proca action with derivative self-interactions keeping 3 po-
larizations. Starting from the decoupling limit we analyzed which 
interactions maintain our requirement of absence of Ostrogradski 
instabilities and motivated how the interactions beyond the de-
coupling limit can be recovered. We also constructed the allowed 
interaction terms systematically using the Levi–Civita tensors order 
by order. Moreover, we showed how the interactions can be gener-
ated in a compact way from a determinant. Finally, we generalized
our ﬁndings to curved spacetime. A very crucial property of the 
standard scalar Galileon interactions is the non-renormalization 
theorem, which renders them technically natural. The key ingre-
dient for this property is the construction out of the antisymmet-
ric Levi–Civita tensors. It would be very important to explore the 
question of whether or not the generalized Proca interactions re-
main technically natural and push forward the preliminary analysis 
of [29]. We will leave this for a future work.
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